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The mod n relation is defined as a =, b if n|(b—a). An alternative
notation is a = b modn. The mod n relation is an equivalence relation.
We can see this as follows.

(1) mod n is reflexive, since a =, a if n|(a —a) or n|0. Since every
integer divides 0, this is true.
(2) The relation is symmetric, since if n| (b — a) then n| (a — b) (the quo-
tient just has the opposite sign).
(3) The relation is transitive. If a =, b and b =,, ¢, this means that
n|(b—a) and n|(c—0b). Therefore n| (c—b+b—a) son|(c—a).
The equivalence class of an integer a in the mod n relation is the set of
all elements that are related to a. We denote this by [a],,. If a =, b then
n|(b—a) so b—a = gn for any integer ¢ € Z. This gives the condition

la],, = a+nZ (1)

For a given n, there are exactly n distinct equivalence classes, since each of
a=0,1,2,...,n—1 gives a separate equivalence class. We denote the set
of equivalence classes for the integers modulo n by Z,,, so we have

If there is no ambiguity, we can drop the subscript 7 on [a],,, so we can refer
to just [a).

Example 1. For n =7 we have

Some examples of classes in Z7 are

(1) [0]=0+7Z={0+7¢q:qeZ}={... —14 ,—7,0,7,14,...}

) [6]=6+7Z={6+T7q:qeZ} ={...,—8,—1,6,13,20,...}

3) [25] Bx7+4]=[4]={4+7q¢: qu} (0, —10,-3,4,11,18, ..

4) [-20|=[-3xT7+1]=[1]={14+7¢:qeZ}={...,—13,—6,1,8,15, ..
[

(5) [100] =[14x 7+2]=[2| ={2+7q: q€ Z} ={...,—12,-5,2,9, 16, ..
1
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Note that in the case of [—20] we need to write —20 in proper quotient-
remainder form, that is

—20="Tq+r 4)
where 0 < r < 7. It is not correct to write —20 = —2 X 7 — 6 and then to say
that [—20] = [6]. It is true that [—20] = [—6] but it’s traditional to write the

classes so that they match one of the elements of Z7 as given in[3]
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